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Abstract 

The Maxwell-Dirac equations with nonzero charge mass in one space 
^^ ■ dimension are studied under the Lorentz gauge condition. The global 

existence and uniqueness of solution in C([0, +oo); L 2 (R 1 )) x C(R 1 x 
-^ | [0, oo)) for initial value problem of Maxwell-Dirac equations are proved. 

1 Introduction 

We are concerned with the Maxwell-Dirac equations in one space dimension 
"g: J (ijPDp + mI)* = 0, , u 

under the Lorentz gauge condition 

d t A - d x A t = 0, 

with 

* i (x,0) = ^ i (x) (j = l,2), 

A u (x,0) = a° u (x) (u = 0,l), (1.2) 

dt A u (x, 0) = al(x) (^ = 0,1), 

which satisfy the constraint a\ — d x a\ = 0. Here _D M = d^ — iA^ is the covariant 
derivative and F^ v = d u A fM — d ii A v is the curvature associated with the gauge 
field A^ e R. \l/ denotes a two-spinor field denned on R 1+1 , J u = ^j°j u ^/ is 



a current density and \£d = (\Pi, ^2) denotes the complex conjugate transpose 
of *. d = d t , di = d x . 

The Dirac gamma matrices are of the following: 





The system (1.1) can be rewritten as follows, 

dt^i + d x ^ 2 = im^ 1 + iA ^ 1 + iA 1 V 2 , 
d t ^ 2 + d x ^> l = -im$> 2 + iA ^ 2 + iA^, 

aA = |^i_^+ 1^2^ 

DA X = -(^2^1 + ^1*2)- 



1.3) 



The global well-posedness of classical solution for the Maxwell-Dirac system 
in R 1+1 has been established in [2]. Many works are devoted to study the 
solution in different functional spaces since then, see for instance [1]- [1 1] and 
the references therein. Recently in [10] Huh proved the global well-posedness 
of the strong solutions for the Maxwell-Dirac system(l.l) in R 1+1 , where he 
assumed that the mass of charge is zero, that is, m = in (1.1), and the 
solutions can be obtained by the explicit formula. For m > 0, as far as we 
know, there is no explicit formula for solutions. In this paper we consider more 
general case than that in [10], that is, m > 0. Our aim is to find the {^,A) 
which solves the equation (1.3) with initial data (1.2) in the following sense 
and prove its uniqueness. 

Definition 1.1 (*, A) with V e Lj oc (R l x (0, +00)) and A e C(R l x [0, +00)) 
is called a strong solution to (1.3) with the initial data (1.2) provided that there 
exists a sequence of smooth solutions {(\l/ n , A 7 p}'^ =1 such that 

W^-n^i^ + WA^-A.Wc^ + WA^-A.Wc^^O 

as n — > 00 for any compact set K C R l x [0, 00) , and 

1 1*"(-, 0) - ^|| L2(M) + \\A;(.,0) - aJ|| c(M ) + ||^(-,0) - alWcQaM) -»- 

as n — ?> 00 for \x — 1,2 and for any bounded interval [a, 6] . 

Remark 1.1 For smooth solution to (1.3) with (1.2), which satisfies the con- 
straint a\ — d x a\ = 0, it was proved in [2] that 

d t A - d x A x = 0. 

Therefore, the Lorentz gauge condition also holds for the strong solution to 
(1.3) with (1.2). In the remaining, we only consider the Cauchy problem for 
(1.3). 



The main result is presented as follows. 

Theorem 1.1 For the initial data ip = (^1,^2) *= ^(R 1 ) and a^ = {aP^aV) G 
C{R X ), there exists a unique global strong solution (®,A) to (1.3) with (1.2), 
which satisfy 

q, = (*!, # 2 ) e C([0, 00); ^(i? 1 )), A = (A , Ax) g C^ 1 x [0, 00)). 

The remaining of the paper is organized as follows. In section 2, we rewrite 
(1.1) in the equivalent form as (2.1-2.4). In section 3, based on the Chadam's 
result on the global H 1 strong solution for (1.1), we establish the key estimates 
in Lemmas 3.1 and 3.3 for classical solutions to (2.1-2.4), and get the uniform 
boundness on the solutions. In section 4, the key estimates given in Lemmas 
3.1 and 3.3 play an important role in proving the precompactness of the ap- 
proximate solutions {(u n , v n , A±)}™ =1 . Then we can get the convergence of the 
approximate solutions, this yields the existence of the global strong solution 
there. In section 5, we prove the uniqueness of the solutions. 

2 Reduction of the problem 

Denote 

A+ = Ao + A 1 ,A- =A Q -A 1 , 



and denote 
and 



u =ipi +^2,^0 = il>i-il>2 



Qj\ Q/r\ ZIZ tti « Oj\ (lr\ ZIZ CL-i . 

Then equations (1.3) can be written equivalently as 

d t u + d x u = imv + iA + u, (2.1) 

dtv — d x v = imu + iA^v, (2.2) 

OA + = \v\ 2 , (2.3) 

UA_ = \u\ 2 . (2.4) 

In addition, the initial data (1.2) can be written as 

u(x, 0) = Uo(x), v(x, 0) = v (x) (2.5) 

dA+ 
A±(x, 0) = a° ± (x), -^(x, 0) = ai(x). (2.6) 

We will get the global solution to (1.3) with (1.2) by constructing the 
solutions to (2.1-2.6). That is, we will prove the following, 



Theorem 2.1 For any (uo,vq) G L 2 {R 1 ) and (a±,a±) G C(R l ), there exists 
a unique strong solution (u,v,A±) to (2.1-2.6) with (u,v) G C([0, oo); L 2 (i? 1 )) 
andA± eC{R l x [0,oo)). 

The strong solution to (2.1-2.4) is defined as in Definition 1.1. 



3 Some Estimates on the smooth solutions 

In this section, we assume that V'i>V'2 G C^°(R 1 ), a° u G C^°(R 1 ) and a* G 
C™(R 1 ). Due to the Chadam's result [2], the system (1.3) with initial data 
(1.2) has a unique solution (\JJ, A) G C°° with supp^/(t, •) and suppA are com- 
pact sets in i? for each t G -R. This implies that the problem (2.1-2.6) has a 
unique smooth solution (u,v,A±). 

We will establish some estimates on the smooth solution (u, v, A±) in the 
next. To this end, we multiply (2.1) and (2.2) by u and v respectively, which 
yields the following 

(\u\ 2 ) t + (\u\ 2 ) x = im(uv -uv), (3.1) 

(\v\ 2 ) t -(\v\ 2 ) x =im(vu-vu). (3.2) 

Then, direct computation shows that 

Lemma 3.1 Suppose J^ )0 (\uo(x)\ 2 + \v (x)\ 2 )dx < C . Then 

/oo 
(\u (x)\ 2 + \v (x)\ 2 )dx < C (3.3) 

fort> 0. 

Now, for any (x ,t ) G R l x i? + , denote 

A(x ,t ) = {(x, t)j* G (0,t ),x G (x -to + t,x + t -*)} 

and 

T + (x ,t ) = {{x,t)\t G [0,t o ],x = x -t + t}, 

r_(x ,to) = {0M)|t G [0,t ],x = x + t -£}, 
see Fig. 1. 

Lemma 3.2 For any (xo,to) with to > 0, there holds the following 

rxo+to-t rxo+to 

/ (\u(x,t)\ 2 + \v(x,t)\ 2 )dx< / (|u (z)| +h(z)| )<& 

for anyt G [0,t ]. 



r + (x Q , t 



(xq - 1 , 0) 



(^0)^0 




(xq + 1 , 0) 



► X 



Figure 1: Domain A(rr ,to) 



Proof. For t G (0,t ), by (3.1-3.2) we have 

(|w| 2 + H 2 ) t + (|w| 2 -H 2 )x = o, 

then, 

d rxo+to-t 



Ctt J XQ 



-to+t 



(\u(x,t)\ 2 + \v(x,t))\ 2 )dx 



X0+t0-t Or, r, 

— (\u(x,t)\ 2 + \v(x,t)\ 2 )dx 

xo—to+t Ctt 

- (\u(x + t - t, t) | 2 + \v(x + t -t,t) | 2 ) 
- (|«(x - t + t, t) | 2 + \v(x - t + t,t) | 2 ) 
= -2|u(x + t - t, t)| 2 - 2\v(x -t + t, t)| 2 

< o, 



which gives the desired result. The proof is complete. □ 
Lemma 3.3 There hold the following 

\u(x ,t )\ 2 <q(t ) f " ° (\u (x)\ 2 + \v (x)\ 2 )dx + e mt °\u (x - t )\ 2 , 

Jxo—to 

Hx ,t )\ 2 < q(t ) / (\u (x)\ 2 + \v (x)\ 2 )dx + e mt °\v (x + t )\ 2 , 



IXo— to 

where q(to) = e mto m(mto + 1). 



Proof. Integrate the equation (3.1) along its characteristic curve r + (xo,to), we 
have 

— \u(xo — t + t, t)\ 2 = imiuv — vu)(xq — t + 1, t). 
at 

Then 

— \u(x -t + t,t)| 2 < m(\u(x -t + t,t)| 2 + \v(x - 1 + t,t)| 2 ), 
at 

which leads to 

\u(x -t + t,t) | 2 <e mt »(\u (x -t ) | 2 + m [ \v{x, t)\ 2 ds). (3.4) 



To estimate the righthand side in the above, we integrate the equation (3.2) 
over the region A(x ,to), then 

/•*() rxo+to—t 

(\v \ t — \v \ x )dxdt\ = \im I I (vu — uv)(y, s)dyds\. (3.5) 



'A(x ,t ) JO Jx -to+s 

Applying the divergence theorem and Lemma 3.2 to the lefthand side and 
righthand side in (3.5) respectively, we have 

f ■ 2 rxo+to rx +t 

|2 / \v\ ds + \v \ dx\ < mt ( / (|uo| + l^ol )dx), 

Jv + (x ,to) Jxo-to Jx Q -to 



which leads to 

fXQ+to 

\v\ 2 ds<(mt + l)( (\u \ 2 + \v \ 2 )dx). (3.6) 

/r+(a;o,to) Jxo—to 

With (3.4) and (3.6), we have 

rxo+to 

\u(x -t +t,t)\ 2 <e mto m(mt + l) / (\u \ 2 + \v \ 2 )dx + e mt °\u (x -t )| 2 . 

Jxo—to 

This gives the desired estimate for \u\ 2 . In the same way, we can get the 
estimate for \v \ 2 . The proof is complete. □ 

Lemma 3.4 For any constant M > 0, 

\u{y,T)\ 2 dy < 2rq{r) f {\u \ 2 + \v \ 2 )dx 

\y\>M J\x\>M-t 

+e mT f \u (y-r)\ 2 dy, 

J\y\>M 



f Hy,T)\ 2 dy < 2rq(r) f {\u \ 2 + \v \ 2 )dx 

J\y\>M J\x\>M-r 

+e mT f \v (y + r)\ 2 dy. 

J\y\>M 

Here q(r) = e mT m(mT + 1). 



Proof. By Lemma 3.3, we have, 

\u(y,r)\ 2 dy < / q(r) (\u (x)\ 2 + \v (x)\ 2 )dxdy 

y\>M J\y\>M Jy-T 

2 



+ e mT \My-r)\ 2 dy 

\y\>M 



< e mT I \u (y-r)\ 2 dy 

J\y\>M 

+q(r) f f T (\u (y + s)\ 2 + \v (y + s)\ 2 )dsdy 

J\y\>M J-t 

< e mT I \u (y-T)\ 2 dy 

J\y\>M 

+<?( r ) / / (\uq(x)\ 2 + \vo{x)\ 2 )dxds 

J-t J\x~s\>M 

< 2rg(r) / (\u (x)\ 2 + \v (x)\ 2 )dx 

J\x\>M-t 



+e™ \u (y-r)\ 2 dy. 

J\y\>M 

In the same way we can get the estimates on v. The proof is complete. □ 
For any (xo,t ) and (xi,ti) with to > and t\ > 0, denote 



n(x ,*o;aJi,*i) = (A(x ,to)/A(xi,ti)J U ^A(xi,ti)/A(x ,to) y 
and denote its Lesbeque measure by meas(Q(xo,to;xi,ti)). It is obvious that 

lim meas(Q(xo,to;x,t)) = 0. 

(x,t)^r(x ,t ) 

Lemma 3.5 For any (x Q ,t ) and (xi,ti) with t ,ti G [0, T], there hold 

\I lA(xo,t ) K^ T)\ 2 dydr - J J A{xutl) \u(y, r)\ 2 dydr\ 

< C e mT m(mT + l)meas(Q(x , t ; x 1} ti)) + e mT J J n{x(hto . Xutl) \u (y - r) \ 2 dydr, 

and 

\I lA(x ,t ) \ v (y, r)\ 2 dydr - / / A(xi)tl) \v(y, r)\ 2 dydr\ 

< C e mT m(mT + l)meas(Q(x , t ;x u h)) + e mT J J n{x0jto;xutl) \v (y + r)\ 2 dydr. 

Proof. First we have 

\u(y,T)\ 2 dydr- \u(y,r)\ 2 dydr\ = \ \u(y,T)\ 2 dydr\ 

A(xo,to) J J A(m,ti) J J Q(xo,to;xi,ti) 



For the righthand side in above, it follows by Lemma 3.3 that 

\u(y,T)\ 2 dydr < f f e mT \u (y - r)\ 2 dydr 

+ / / <?( T ) / (\u \ 2 + \v \ 2 )dxdydT 



— T 



< e ml \u (y-T)\ 2 dydT 

J J Q(xo,to;xi,ti) 

+ Coq(T)meas(Q(x 0: t ;xi : ti)) : 

which proves the first inequality. In the same way we can prove the second 
inequality. The proof is complete. □ 

4 Existence of global strong solution 

To get the strong solution to (2.1-2.6) under the assumption of Theorem 1.1, 
we choose sequences of smooth functions Uq,Vq, a± n , a± n G C^°(R 1 ) such that 
the following hold. 

(Al) There hold the following 

jim (IK - u \\ L 2 {R i) + |K - uo||£2(fli)) = 
and 



JSgb {W a ±n ~ a ±\\c([a,b]) + \\ a ±n ~ a ±\\c([a,b]) 

for any bounded interval [a, b]. 
(A2) 

IU/ n ll 2 _i_ IUi n ll 2 <r c 

I PO I \L 2 {R 1 ) + I \ V I \L 2 (R}) ^ °0 

and 

sup |a± n (x)| < 1C\ 
xeR 

for n > 1 and j = 0,1, where C\ = sup xei? |a^_(x)| + sup xSi? |a+(a;)| + 

su PxeR \ a ~( x )\ + su PxeR \ a -( x )\- 

Let (u n ,v n , A™, A") be the smooth solutions of (2.1-2.6) corresponding to 
the initial data (uq, Vq, a° ±n) a± n ). Then, there hold the same estimates for 
(u n ,v n , A™, A") as in Section 3. Moreover, 

2Al(x,t)=a° +n (x + t) + a° +n (x-t)+ a 1 +n (y)dy+ / \v n (y, s)\ 2 dyds 

Jx-t JO Jx-t+s 

(4.1) 



and 

2A n _(x, t) = a°_ n (x+t)+a°_ n (x-t) + f + * a 1 _ n (y)dy+ f f" '"' \u n (y, s) \ 2 dyds. 

Jx-t JO Jx-t+s 

(4.2) 
Lemma 4.1 For any T > 0, n > 1, there holds 

sup sup \Al(x,t)\ < Ci(T + 1) + C Q T. 

n>0 xeR 1 ,te[0,T] 

Proof. By Lemma 3.1, we can deduce the result from (4.1-4.2). The proof is 
complete. □ 

Lemma 4.2 There are functions A* ± G C(R 1 x [0, oo)) and subsequences of 
{A%}™ =1 , still denoted by {A±}™ =1 , such that 

\\A n + - A\\\ C{K) + \\A n _ - A*_\\ C{K) -+ 

as n — >■ oo /or any compact set K G R 1 x [0, oo). 

Proof. We consider the sequence {A"}^. Due to the Lemma 4.1, it suffices 
to prove that {Jq Jx-t+s \ vn (V: s )\ 2 dyds}^ =1 is equicontinuous in any domain 
A(X,T) withT >0. 

By Lemma 3.5, for any (x ,t ) and (xi,ti) with to,ti G [0,T], we have 

1/ JA( Xo ,to) K(y,r) \ 2 dydr - J J A(xuh) \v n (y, r) \ 2 dydr\ 
< C(T)meas(n(x , t ; x u h)) + C(T)J J n{xoA , Xuh) K(y + r) \ 2 dydr, 
< C{T)meas{Q{x , t ; x u h)) + C{T)J Ju {x0:to . xutl) \v (y + r)\ 2 dydr 

+TC(T)\\vZ-v \\h m , (4.3) 

where C(T) = e mT (m(mT + 1) + 1). Then, by the continuity of the function 
//n(a!o,toixi,ti)l u o(s/ + r)| 2 d|/dr and the convergence of the sequence {v n }™ =1 , it 
follows from (4.3) that {/q J^-t+s \ vn (Vi s )\ 2 dyds] c ^ =l is equicontinuous in the 
domain A(X,T). Therefore the collection {A™}^ is equicontinuous in the 
domain A(X,T). 

In the same way, we can prove that {A™}^1 1 is equicontinuous in the 
domain A(X,T). Then, by Arzela-Ascoli Theorem ([12], pp 245), we can 
have the desired result. The proof is complete. □ 

Lemma 4.3 Let {A±} be the sequences given by Lemma 4.2, For any T > 0, 
lim / / (\Ai-A l J 2 + \A k _-A l _\ 2 )(\u k \ 2 + \v k \ 2 )(x,T)dxdT = 0. 

k,l^ooJo JrI ^ """ 



Proof. For any M > 0, denote 



I k M l i = T I {\A% - A l + \ 2 + \A k _ - A l _\ 2 ){\u k \ 2 + \v k \ 2 )(x, r)dxdr 

JO J\x\>M 



and 



I k M2= [ T [ (\A k -A l ,\ 2 + \A k _-A l _\ 2 )(\u k \ 2 +\v k \ 2 )(x,T)dxdr. 

JO J\x\<M 



l\x\ 

By Lemmas 4.1, 3.1 and 3.5, we have 

rT 



I k M\ < (Ci(T+l) + C T) / / (\u k \ 2 + \v k \ 2 )(x,T)dxdT 

Jo J\x\>M 

< C'JT I (|«*| 2 + |t;*| 2 )d a ;+/ T / |ti*(y-T)| 2 dydT 

v ./|x|>M-T JO J|h|>M 



+ f7 l«S(y + T)| 2 dydr) 

JO J\y\>M J 



and 



< C' T (2T I (\u k \ 2 + \v k \ 2 )dx) 

v J|x|>M-T 7 

< 2TCU [ {\uo\ 2 + \vo\ 2 )dx+\\u -u k \\ 2 L2 + \\v -v k \\ 2 L ,) 

K J\x\>M-T ' ' 



Im,2 < Co(| 1^4+ _ A +Wc{K) + l|A_ _ ^-llc(A-))) 



where K = [-M, M] x [0,T] and C£, = 2e mT (m(mT + l) + l)(C 1 (T + l) + C T). 
Then, by Lemma 4.2, we have 

limsup [ T f (\A k + - A l + \ 2 + \A k _ -A l _\ 2 )(\u k \ 2 + \v k \ 2 )(x,T)dxdT 

k,l->oo Jo Jr 

< limsup(/^ 1 + Im, 2 ) 

k,l—too 

<2TC'J( (\u \ 2 + \v \ 2 )dx), 

K J\x\>M-T ' 

which implies the desired result by letting M — y oo. The proof is complete. □ 
Proof of the existence of solutions in Theorem 2.1. Let {A±} be 
the sequences given by Lemma 4.2. Due to Lemma 4.2, it suffices to prove the 
convergence of {(u k , v k )}™ =1 G (R l x (0, T)), for any T > 0. 
With (u n ,v n , A%) of (2.1) - (2.4), we deduce that 

(\u k - u l \ 2 ) t + (\u k - u l \ 2 ) x = tm((u k - u l )(v k - v l ) - (u k - u l )(v k - v 1 )) + 

i(A k + - A l + )u k (u k - u l ) - i(A k + - A l + )u k (u k - u l ), 
(\v k - v l \ 2 ) t - (\v k - vf) x = -im((u k - u l )(v k - v l ) - (u k - u l )(v k - v 1 )) + 

i(A k _ - A^)v k (v k - v 1 ) - i(A k _ - A l _)v k (v k - v l ). 



10 



R 



Then, there exists a constant C 2 independent of k, I such that 

-f / (\u k - uf + \v k - v l \ 2 )dx < C 2 J (\u k -u l \ 2 + \v k - v l \ 2 )dx 

(XX J Ft JR 

+C 2 f(\A k + - A l + \ 2 + \A k _ - A l _\ 2 )(\u k \ 2 + \v k \ 2 )dx 
for t > 0. Applying the Gronwall inequality to this inequality gives 

(\u k - uf + \v k - vf){x,t)dx < e C2t (\\u k - u l \\ 2 L2{R1) + \\v v - u l \\ 2 L2{R1) 

+C 2 e C2t f J (\A k + - A l + \ 2 + \A k _ - A l _\ 2 )(\u k \ 2 + \v k \ 2 )(x, r)dxdr) 

for t > 0, which implies {(u k , v k )}^ =l is a Cauchy sequence in C([0, T], L 2 (R})) 
by Lemma 4.3 for any T > 0. Therefore, there exists a function (u*,v*) G 
C([0,T},L 2 (R 1 )) such that 

\\ u ~ M *Hc*([0,T],L 2 ( J R 1 )) + ||^ - ^*||c*([0,T],L 2 ( J R 1 )) -^ 

as k — > oo for any T > 0. Thus this gives the proof of existence of solution. 
We will prove the uniqueness in the next section. □ 

5 Uniqueness of global solutions 

In this section, we prove the uniqueness of the strong solution which we con- 
structed above. 

Let (ui,Vi,A±) and (-u 2 ,f 2 , -B-t) be two strong solutions with the same 
initial data, that is, «i(x, 0) = u 2 (x, 0), vi(x, 0) = v 2 (x, 0), A±(x, 0) = B±(x, 0) 
and d t A±(x, 0) = d t B±(x, 0). Our goal is to prove that «i = u 2 , Vi = v 2 , 
A± = B±. We assume that (m",u", A±) and (-u^,-^, £>!£) are two sequences of 
smooth solutions of equations (2.1-2.4), such that (u™,v™, A") — ¥ (ui,Vi,A±), 
(1*2,^2,-85) — > (u2,v 2 ,B±) in the sense of Definition 1.1. 

Denote u>™ = w™ — u 2 , vf 2 l = v™ — v 2 and G r ± = A\ — B±, then 

dtw 1 ! + d x w r l = imw n 2 + G\u\ + iB%u%, 

d t v% - d x w% = %mw n x + G™< + iB n _w^, 

UG n + = vfwZ + wijvZ, 

uG n _ = «y< + ^^2, 

which gives the following, 

<9tK| 2 + d*K| 2 = im{wfw^ - w?w$) + 2Im{G n + uJw 7 {), (5.1) 

9 t K| 2 - 3rK| 2 = im{wfw% - wfwf) + 2/m(G!^u£), (5.2) 

DG™ = i^w™ + ^<, (5.3) 

DG"! =<< + <<. (5.4) 

11 



By (5.1) and (5.2), we have 
<9 t (K| 2 + K| 2 ) + 3r(K| 2 - \w% | 2 ) = 2Jm(G T ;^0 + 2/m(G^u?0, 

for < t < T. 

Integrating the above equation over the interval [— T + t, T — t], we have 

±([ T ~\\ w ^ x ,t)\ 2 + \wZ(x,t)\ 2 )dx) + 2\w^T-t,t)\ 2 + 2\w^-T + t,t)\ 2 
at J-T+t 

< 2/ (|GWw?|+C^u?iu?|)da;. 

Denote J n (£,T) = f5f+ t (K(x, t)| 2 + K(x,£)| 2 )d:r. Then, 

rn/+ /tt\ ^ Oil/"™ 1 1 IU, n ll IL., n ll 

— 1 [1,1) < ^||Cr + ||c(D T )||«l||L2(D T )||'U; 1 || L 2( I)T ) 

1 *— > 1 1 y — <7T, 1 1 II,,, nil ll„.. n ll (r. r.\ 

+ *\\t'-\\C(D T )\\V 1 \\L2(D T )\\lV 2 \\L2(D T ), (5-5) 

where D T = {{x,t)\ - T + t < x < T - £, <t < T}. 

Applying the D'Alembert formula to the equations (5.3-5.4), we have, 

2G\ = g% + (x -t) + g% + (x + t) + f + * g^ + (r)dr 

J x—t 

1 [ X+t \Ww2+^)(y,s)dyds, 

/0 Jx-t+s 

2G n _ = g n _{x -t) + g%_(x + t) + f +< ^_(r)dr 
4 f X ' \w i w n l +w i lu n 2 ){y,s)dyds, 

where <7o±( x ) = ^iO^ 0) an d 5'i±( ;r ) = ~^{ x -> 0)- 
Then, 

||Lt + ||c(z) t ) < ||ffo+llc([-T,T])H- J 1 15-1+] I (C[-T,T]) 

+ 2(IKIU 2 Pt) + IKIIl 2 (Dt))IKIIl 2 (Bt), (5.6) 

||G^||c(d t ) < \\9o-\\c([-T,T]) + T\\gi_\\ C (l-T,T}) 

+^(\K\\lHd t) + IKIUWIKIU 2 Pt)- (5.7) 

With (5.5), (5.6) and (5.7), we have 

^(r(t,T))<C 1 (/"(t,T)) + C 2 ^(T) 
12 



for some constants C\ > and C2 > depending only on Co, where Lemma 

31 i« 11 qpH Hprp n n (T\ — \\n n II 2 _|_T 2 lln ra II 2 -I- 1 1 n n II 2 4- 

o.i is useu. neie y yi ) — ||yo+llc([-T,T]) + J 1 1 i/i+ 1 1 (C[-T,T]) + llyo-llc([-r,r]) + 

J"2||„n ||2 



C([-T,T])- 

Then applying the Gronwall inequality and lemma 3.1 to above, we can get 

r(t,T)<(I n (0,T) + % n (T))e c ^, 

for £ > and T > 0. Due to the Definition 1.1, 

lim/"(0,T) = 0, Kmg n (T)=0, 

which lead to 

(\u 1 (y,t)-u 2 (y,t)\ 2 + \v 1 (y,t)-v 2 (y,t)\ 2 )dy = lim I n (t,T) 

T+t n-Xx 

= 0. 

Then Ui = v±,U2 = t>2- 

Now by (5.6), (5.7), we have 

\\ A + ~ B +\\c(D T ) = Jj™ HG+llcpr) = > 

||A_ -5_|| c(Dt) = Jirn ||G"||c(d t ) = °> 
therefore A-t = B±. The proof is complete. □ 
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